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Abstract. Tethered satellite systems (TSS) pose quite challenging problems concerning their modelling, derivation of the equa-
tions of motion, numerical simulation of their dynamics, deciding on stability of relative equilibria provided the system moves on
a circular orbit around the Earth and the occurrence of chaotic dynamics. Moreover, for the processes of deployment or retrieval
of one satellite from or to another satellite certain control strategies, for example time or energy optimal control, are necessary.
All these problems are considered in this paper.
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1. Introduction

The concept of tethered satellite systems (TSS), that is, two or more satellites in orbit connected by thin
long cables – a length of 100 km is not unusual – is probably the most innovative concept of space flight
at the end of the 20th century (see for an extensive introduction into this subject: [1–4]) because there
exist numerous important applications [3] ranging from energy production, making use of the magnetic
field of the Earth, to orbit raising or deorbiting of satellites just by cutting the tether. Already several
flights in orbit around the Earth, organized by NASA, were performed during the last decade of the 20th
century.

In this paper, we want to discuss a selected number of interesting problems that arise in the treatment
of such systems. We start with modelling. Then, we focus on some problems related to the variational
formulation of the equations of motion. Concerning the numerical solution procedure by Finite Ele-
ments we compare the usually used displacement coordinates with an alternative set of variables called
Minakov’s variables in [3], which turns out to be superior for the effective numerical integration of the
mathematically stiff system of partial and ordinary differential equations if the tether is physically very
stiff.

We also address three other questions that are of great theoretical and practical importance. One is
stability of relative equilibria, if the system is moving on a circular orbit. Since a continuous system is
considered, this requires the use of advanced mathematical methods, which are supplied by the Reduced
Energy Momentum Method [5–8]. The second is the occurence of chaotic dynamics which is also of
great practical interest, because the sensitive dependence of final states on initial conditions may have the
consequence that comparing the results of different simulation programs might lead to conclusions that
the codes do not work well. But here the theoretically well known consequences concerning numerical
simulation of chaotic dynamics should be taken into account. Thirdly, and finally, in order to bring a
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system in its operational state into orbit, deployment and possibly also retrieval of one satellite from or
to another must be performed. These are important processes but also delicate operations for a tethered
satellite system mission because both processes lead to unstable motions with respect to the stable
radial relative equilibrium configuration of such a system, which is attained if it is moving with constant
tether length on a Keplerian circle around the Earth. Therefore, we propose for the system motion on
a Keplerian circle a deployment or retrieval strategy which guarantees a time optimal deployment or
retrieval process from the radial relative equilibrium position close to the main satellite to the radial
relative equilibrium position far away from the main satellite in deployment, and vice versa for retrieval.
It is important to mention that this is achieved only by tension control, that is the control acts on the
system only by varying the tension in the tether at the tether feed-out point at one of the satellites.

2. Mechanical Model and Equations of Motion

The tether is modelled as a perfectly flexible, massive, continuous, visco-elastic string with variable
length [3, 9, 10]. The endbodies are modelled either as point masses or rigid bodies [3, 11]. In [12]
simulation results are presented that indicate that for the study of the overall motions of long tethers
with small endbodies the influence of the rigid body rotations on the motion of the tether is negligible.
This means that if the rotational motion of the endbodies is not of interest, mass points are a good
mechanical model. An important question is how the tether storage in the satellites should be modelled,
and how the processes of deployment and retrieval should be described dynamically. In a simplified,
but still quite accurate modelling, the details of the deployment mechanism are not taken into account
and it is assumed that the tether is stowed as point mass, which is at rest relative to the body in which it
is stored [13]. More complicated storage models have also been studied, where, for example the tether
is stored on a drum [14].

2.1. DERIVATION OF THE EQUATIONS OF MOTION FROM BALANCE PRINCIPLES

Equations of motion have been formulated either starting from balance principles or variational prin-
ciples [15]. They are a set of coupled nonlinear ordinary and partial differential equations. Since the
deployed length of the tether may vary during a mission (deployment and retrieval), the partial differen-
tial equation is defined on a domain, the length of which is unknown and must itself be determined by
the solution of the problem. Using a variational principle for the derivation of the equations of motion
is of advantage for their numerical treatment by a Finite Element discretization and also supplies the
correct boundary conditions, but raises new problems following from the variable length of the domain,
because it introduces additional non-conservative terms.

The motion of the tether is described by the partial differential equation

μr̈ = n′ + f T. (1)

Here r is the position vector in the inertial frame located in the center of the Earth (Figure 1). ( )· denotes
the derivative with respect to time t . μ is the mass density of the tether per unit unstrained arc-length s,
which is considered as a material coordinate. ( )′ denotes the derivative with respect to the unstrained
arc-length s. By ŝ we will denote the strained or actual arc-length. For the extensible tether we have
to distinguish between the unstrained arc-length s and the actual arc-length ŝ. In the formulation given
below the unstrained arclength s with 0 ≤ s ≤ l is used. The advantage of this choice is that then the
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Figure 1. Two tethered satellites and the local non-rotating floating frame Kn. The two dots represent the amount of tether stored
in the satellites.

boundary conditions are given for the values of the unstrained arc-length. We subdivide the tether length
l into three domains

0 ≤ s ≤ sM(t)

sM(t) ≤ s ≤ sS(t) (2)

sS(t) ≤ s ≤ l

Tether of length sM is stored in satellite M and of length l − sS in satellite S. The remaining part of
length sS − sM is deployed between the two satellites. n is the axial force in the tether. f T is the vector
of distributed forces acting on the tether element. As a constitutive relation for the string we assume a
material law in the form

N = N (ε, ε̇), (3)

relating the value of the tether force N to the strain ε. This form of the constitutive law includes the
linear Kelvin1–Voigt law of visco-elasticity

N = E A(ε + αε̇). (4)

Here E is Young’s modulus, A is the area of the cross-section of the string. Hence, the axial force n in
the string follows from (3) to

n = N t, (5)

where t is the tangent vector to the string. For ε we obtain

ε = dŝ − ds
ds

= η − 1 = ‖r ′‖ − 1. (6)
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where η is the elongation. The last relation in (6) follows from the fact that the tangent vector

t = ∂r

∂ ŝ
= 1

η
r ′ (7)

is a unit vector. From t · t = 1 immediately follows η = ‖r ′‖. If we rewrite (4) with η as variable we
obtain

N = E A(‖r ′‖ − 1 + αṙ ′ · t) = E A(η − 1 + αη̇)

= NC (η (s, t) , s) + ND (η̇ (s, t) , s) . (8)

In addition we have the kinematic relationship (Figure 1) (expressions for satellite S that are analogous
to those for satellite M will not be given explicitly for the following equations)

r (sM(t), t) = rM(t) + dM(t). (9)

The boundary conditions at the ends of the deployed tether are determined by the motions of the two
satellites given by the linear and angular momentum equations. The linear momentum balance yields

m0
Mr̈M + μsMr̈M + μṡ2

Mr ′ (sM) = f M + n (sM) . (10)

Further m0
M is the satellite mass without the mass of the stored tether. The third term on the left hand

side of (10) is a so-called rocket term and results from the fact that the mass of the satellite is variable.
f M is the vector of all external forces acting on endbody M. In writing down the angular momentum
balance we use the notation introduced in [16] where the same quantity measured in the inertial frame
and in the moving frame is denoted by the same letter but lower and upper case, respectively. These
quantities are related to each other by the rotation matrix B. For example, we obtain for the resultant
external moment acting on body M : mM = BM MM where BM is the rotation matrix between the body
fixed frame and the inertial frame. The angular momentum balance results in

I0
MΩ̇M + ΩM × (

I0
MΩM

) + DM × BT
M

(
μsMr̈S + μṡ2

Mr ′(sM) − n(sM)
) = MM (11)

where I0
M is the inertia tensor of satellite M without the stored part of the tether. ΩM is the angular

velocity in the body-fixed coordinate frame. DM denotes the distance from the mass center of the
satellite to the point where the tether is stored in the satellite measured in the body fixed frame. dM is
the same quantity measured in the inertial frame. These two quantities are related to each other by

dM = BM DM. (12)

The relation between ΩM and BM is given by (the hat denotes the skew symmetric matrix corresponding
to the vector)

Ω̂M = BT
MḂM =

⎛⎜⎝ 0 −�3 �2

�3 0 −�1

−�2 �1 0

⎞⎟⎠ . (13)
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The external forces ( f T, f M, . . . ) and moments (MM, . . . ) follow from various sources such as grav-
itational attractions of various planets, aerodynamic effects, electromagnetic effects, solar radiation
pressure and perhaps thrusters used for control purposes to mention some [3].

If we count the unknowns we find that there are nine vectorial and two scalar quantities: r (s, t), rM(t),
rS(t), dM(t), dS(t) BM, BS, ΩM, ΩS, sM(t) and sS(t).

So far we have the following equations: One vectorial field Equation (1), two vectorial linear momen-
tum Equations (10) and two vectorial angular momentum Equations (11), and two vectorial equations
for each satellite given by (12) and (13), which makes nine vectorial equations. However, two scalar
equations are missing which relate the length change of the tether at the satellites to the forces acting
there. They are derived in the following section for tether storage on a spool. For tether storage on a
drum we refer to [14, 17].

2.2. DEPLOYMENT AND RETRIEVAL DYNAMICS

During deployment or retrieval the arc-length coordinates s = sM(t) and s = sS(t) at the satellites move
along the configuration of the tether. Hence, the masses of the endbodies change. The tensions N (s+

M)
and N (s−

S ) (and therefore the axial forces n(s+
M) = N (s+

M)t and n(s−
S ) = N (s−

S )t) in the tether at the
feed-out points depend on the deployment mechanisms inside the satellites.

2.2.1. Deployment Mechanism
Since the results for the two satellites are analogous with sM ↔ l − sS we consider only the satellite M.
The linear momentum balance of a tether element at s = sM(t) yields [14]

NM = N (s+
M) − N (s−

M) + μṡM[ṙ (s+
M) − ṙ (s−

M)] · t(sM) (14)

where NM is the force shown in Figure 2a acting on the tether at the tether outlet of the satellite.
The presented models are physically reasonable, but they do not conserve energy, which, as already
mentioned, creates problems in the derivation of the equation of motion by means of a variational
principle [18].

Spool Deployer. We assume the following mechanism for ṡM ≤ 0 (Figure 2a): The relaxed tether is
stored inside the satellite, N (s−

M) = 0. Due to the tension N (s+
M) it is instantaneously accelerated from

ṙM to ṙ (s+
M) by the value

vrel = [ṙ (s+
M) − ṙM] · t(sM) = −ṡM η(s+

M)

Figure 2. Endbody with spool deployer (a). In case of retrieval (b) the string is pulled into the satellite by NM and stopped by
the internal constraint force Fc.
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which follows from differentiating rM(t) = r (s+
M, t) and then using the relation (7). This discontinuous

change of the state may, if present, be braked by the force NM. Then, the jump condition (14) yields

N (s+
M) = NM + μṡ2

M η(s+
M). (15)

Spool Retriever. In case of retrieval ṡM ≥ 0 the tether is pulled inside the satellite by the force NM

(Figure 2b). If we assume that such a mechanism is realized by small rolls it is evident that the tether
is relaxed after arriving in the satellite, hence, N (s−

M) = 0. Under this assumption the elongation jumps
from η(s+

M) to the value η(s−
M) = 1 and the jump condition therefore yields

N (s+
M) = NM − μṡM[ṙ (s+

M) − ṙ (s−
M)] · t(sM)

= NM + μṡ2
M[η(s+

M) − 1]. (16)

In an impact the (now unstrained) tether is decelerated to the satellites velocity ṙM by the internal
constraint force

Fc = μṡM[ṙ (s−
M) − ṙM] · t(sM) = μṡ2

M

which, however, is already included in the linear momentum balance [18].

2.3. EQUATIONS OF MOTION DERIVED FROM A VARIATIONAL PRINCIPLE

We use the variational principle of Hamilton Ostrogradski [19] in the form∫ t1

t0
(δT − δV + δ′W ) dt = 0, (17)

where T is the kinetic energy, V the potential energy and δ′W takes care of all effects which cannot be
derived from a potential. Specifically these expressions are

T =
∫ sS

sM

1

2
μṙ2 ds + 1

2
m0

Mṙ2
M + 1

2
m0

Sṙ2
S + 1

2
μsMṙ2

M + 1

2
μ(l − sS) ṙ2

S,

V =
∫ sS

sM

(� + μ	) ds + m0
M	(rM) + m0

S	(rS) + μsM	 (rS) + μ(l − sS)	(rS),

(18)

δ′W =
∫ sS

sM

(−NDδη + f TD
· δr ) ds + f MD

· δrM + f SD
· δrS

+ CELTMδsM + CELTSδsS + NMη(sM)δsM − NSη(sS)δsS.

The strain energy and the dissipative part in the material law are defined by

�(η(s, t), s) =
∫ η

1
NC(ν, s) dν, δ� = ∂�

∂η
δη = NCδη,

δη = t · δr ′, δ′WN = −(NC + ND)δη = −n · δr ′,
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Specializing for the linear visco-elastic material we obtain

NC = E A(η − 1), ND = E Aαη̇, � = 1

2
E A(η − 1)2,

or inserting above for η according to (6) we obtain

N = E A(‖r ′‖ − 1 + αṙ ′ · t) = E A(η − 1 + αη̇)

= NC(η(s, t), s) + ND(η̇(s, t), s).

Due to the discontinuity of speed and tension in the tether at the feed-out points the process of changing
mass as modelled here is not energy conserving, as mentioned before. In order to still be able to derive
the equations of motion from a variational principle proper terms must be introduced, which we call
Carnot energy loss term (CELT) following [20]. In [18] it is explained how they can be calculated. They
are for deployment from a spool

CELTM = 1

2
μṡ2

Mη2 (sM) − � (sM) ,

CELTS = −1

2
μṡ2

Sη
2 (sS) + � (sS) ,

and for retrieval on a spool

CELTM = −1

2
μṡ2

Mη(sM)(2 − η(sM)) − �(sM),

CELTS = 1

2
μṡ2

Sη(sS)(2 − η(sS)) + �(sS).

Inserting into (17) we first perform the partial integration with respect to time t . This is a nontrivial
operation due to the fact that sM(t) and sS(t) are variables and not prescribed in time. The necessary
calculations are explained in detail in [14]. As result we obtain the functional

G =
∫ t1

t0

{ ∫ sS

sM

{[ − μ(r̈ + ∇	) + f TD

] · δr − n · δr ′} ds

+
{[

μṡ2
Mη2 (sM) + NMη (sM)

]
δsM Deployment[

μṡ2
Mη (sM) (η (sM) − 1) + NMη (sM)

]
δsM Retrieval

+
{[−μṡ2

Sη
2 (sS) − NSη (sS)

]
δsS Deployment[

μṡ2
Sη (sS) (η (sS) − 1) − NSη (sS)

]
δsS Retrieval

+ [−m0
M (r̈M + ∇	 (rM)) − μsM (r̈S + ∇	 (rS)) − μṡ2

Mr ′ (sM) + f MD

] · δrM

+ [−m0
S (r̈M + ∇	 (rS)) − μ (l − sS) (r̈S + ∇	 (rS)) + μṡ2

Sr ′ (sS) + f SD

] · δrS

+ {−I0
MΩ̇M − ΩM × (

I0
MΩM

) + MMD

+ DM × BT
M

[−μsM (r̈S + ∇	 (rS)) − μṡ2
Mr ′ (sM)

]} · δ�M

+ {−I0
SΩ̇S − ΩS × (

I0
SΩS

) + MSD

+ DS × BT
S

[−μ (l − sS) (r̈S + ∇	 (rS)) + μs2
Sr ′ (sS)

]} · δ�S

}
dt = 0. (19)
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Here ∇	 (r ) is given by −∇	 (r ) = −μE
r

‖r‖3 . μE is the gravitational constant of the Earth. Concerning
the Carnot energy loss concept we refer to [18], where an extensive treatment has been given by means
of simple examples.

2.4. EQUATIONS OF MOTION GIVEN IN NATURAL STRING COORDINATES

Since practically used tethers, compared to the acting forces, are very stiff axially, the equations are stiff
in mathematical respect. This property, if not taken into account properly, may result in problems for an
efficient numerical integration [21]. In this context stiff means that motions in the system dynamics are
present which evolve on different time scales as it is shown for the simple string pendulum in Figure 3.
From Figure 3 it is easy to understand that the motion of a TSS can be split into very fast oscillations in
axial direction of the tether and into two comparably slow oscillations in transverse direction. One is the
oscillation of the tether in the direction transversal to its tangent. The other is the overall pendulum-like
oscillation of the whole system which is also slowly evolving. In order to integrate a stiff system in a
numerically efficient way two aspects are important. First the selection of an appropriate time integrator
and second a proper choice of variables in the description of the deformation of the tether. Concerning
the first point implicit integration schemes must be selected [22]. Concerning the second point already in
[3, 21, 23] an alternative formulation of the equations of motion is proposed. Here as variables – contrary
to the usual displacement formulation – so-called natural string coordinates, namely, the orientation of
the tangent vector t to the deformed tether and the elongation η of the tether (or the strain ε) are used
(Figure 4). We indicate below that with respect to leading derivatives the equations of motion naturally
split into a stiff part and into a non-stiff part. After discretization of the continuous tether in space
by Finite Elements or Finite Differences a set of nonlinear ordinary differential equations is obtained,
which takes the form of a singularly perturbed system

Φ̇= f (t,Φ, H, ν), (20)

ν Ḣ = g(t,Φ, H, ν).

Figure 3. Explanation of the fast and slow motions in a mathematically stiff system: left and middle frame show the slow
transversal motions whereas in the right frame the fast axial motion is shown.
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Figure 4. The planar deformation of the tether r (s, t) may be described either by its Cartesian components (model A) or by
natural string coordinates (model B).

In (20) ν is a small parameter which is proportional to 1/E A, where E A is the axial stiffness of the
tether (E is Young’s modulus and A the constant area of the tether’s cross-section) and Φ, H are vectors
obtained after discretization. In (20) also the transition to a differential algebraic system is obvious if
one lets E A → ∞ which is equivalent to ν → 0.

We indicate the structure of the equations of motion using as variables the elongation of the tether
and the orientation of the tangent vector to the tether (Figure 4, model B) following the derivation given
in [3] resulting in a set of equations named Minakov’s equations. The position vector r (s, t) now will
be represented by the tangential vector t and the elongation η. This is achieved by integration of (7)
with respect to the unstrained arc-length s yielding

r (s, t) =
∫ s

0
η(σ, t)t(σ, t) dσ . (21)

In (21) the inextensional case is given by setting η = 1.
In order to obtain equations for t and η we differentiate (1) with respect to s to obtain

r̈ ′ = 1

μ
(N t)′′ − (∇	(r ))′ + 1

μ
( f )′ (22)

Substituting from (7) for r ′ into (22) yields

(ηt )̈ = 1

μ
(N t)′′ + P ′ (23)
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where as abbreviation

P = f

μ
− ∇	(r )

is introduced. Carrying out the differentiation of the products in (23) results in

η̈t + 2η̇ṫ + ηẗ = 1

μ
(N ′′t + 2N ′t ′ + N t ′′) + P ′ (24)

Projecting this equation in the direction of the tangent vector by taking the inner product of (24) with
t and taking into account the relations t · ṫ = 0, t · t ′ = 0, t · t ′′ = −t ′2 and t · ẗ = −ṫ2 yields the fast
equation for the elongation η

η̈ − ηṫ2 = 1

μ
(N ′′ − Nt ′2) + P ′ · t . (25)

Equation (25) allows to eliminate the second derivative η̈ from (24) to obtain

ηẗ + 2η̇ṫ + ηṫ2t = N
μ

(t ′′ + t ′2t) +
(

N ′

η
+

(
N
η

)′)
t ′ + P ′ − (P ′ · t)t . (26)

which gives the required second equation. Eqs. (25) and (26) are equivalent to the original system (24)
together with the constraint t · t = 1. In fact we have one scalar equation (25) and one vector equation
(26), which have to be solved. The limit to the inextensible tether can be performed setting η = 1 in
(26) and (25). We note that the two equations (25) and (26) do not completely decouple but decouple
only in the highest derivatives.

For the derivation of the corresponding boundary conditions, we refer to [3].

3. Numerical Treatment

In the numerical treatment of the equations of motion one can proceed in two directions. First starting
from the equations of motion in strong form, either in displacement variables (1) or in natural string
coordinates ((25) and (26)), one may perform a discretization based on Finite Differences. However,
the equations of motion (19) in weak form are perfectly suited to perform a discretization by means of
Finite Elements.

In both cases, however, we introduce first, following [24], a moving, but non-rotating reference frame,
which moves on a prescribed orbit with vector r R(t) in the neighborhood of the system (Figure 1). r R(t)
can be chosen arbitrarily, as long as the moving reference frame stays close enough to the system to
avoid numerical problems due to small changes of large quantities. Hence the position vector r is split
into two parts, describing the so-called nearfield r T and farfield r R dynamics. In general r R(t) is chosen
as the vector pointing to the mass center of the system. Second, since the length of the tether may vary,
following [11] we transform the deployed tether length to the unit interval, to avoid time dependent
Finite Elements (Figure 5). We obtain

s̄ (s, t) = s − sM (t)
sS (t) − sM (t)

∈ [0, 1] ,

however we will use s in the following expressions.
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Figure 5. Transformation of the deployed tether length to a unit interval.

3.1. WEAK FORM OF EQUATIONS OF MOTION

The weak formulation of the equations of motion is then given by a functional following from (19)
which we write

G(x(s, t), v(s, t), a(s, t), δx(s, t)) = 0 ∀δx, (27)

where x(s, t), v(s, t), a(s, t) and δx(s, t) stand for the position vector r T (s̄, t), the two rotation matrices
BM, BS and the two arc-lengths sM(t) and sS(t) and their derivatives.

Now different solution approaches are possible. Following [25] we perform, first, a discretization in
time of (27). This reverse order of discretization compared with the traditional approach is motivated
in [25] by the argument that proceeding this way one is able to avoid having the details of the spatial
discretization obscure the time integration of finite rotations which has to be performed for the motion
of the endbodies. We recall that the update of the rotations is more complicated than the update of the
displacements [25]. Introducing the spatial discretization first, the opinion expressed in [25] is that it
would be more messy in the formulation. For problems with linear configuration spaces (e.g. small de-
formations), either approach is fine because they are equivalent. Moreover, the Newmark time integrator
used in this approach turned out to be very efficient for the type of problems treated here. It is also in
wide use for a number of other Finite Element calculations which were recently performed in [26, 27].

The discretization in time results in a nonlinear functional G̃ that is solved by means of the Newton–
Raphson-method by a sequence of linearized problems of the form

G̃
(
ui

n, δx
) + DG̃

(
ui

n, δx
)

ui

n = 0 ∀δx, (28)

where DG̃ denotes the Frechet derivative of G̃.
To calculate a step in the Newton–Raphson method and find 
ui

n we have to discretize all quantities
which are still continuous in space. This discretization is performed by means of Finite Elements.
The continuous tether is divided into a number of elements and the displacement inside an element is
interpolated by ansatz-functions. Inserting cubic ansatz-functions and calculating the projections we
finally obtain a system of linearized equations

Kc + P = 0,
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Figure 6. Arrow shaped stiffness matrix K.

where the vector c gives the nodal displacements. The structure of the matrix K is shown in (Figure 6).
It has the form of an arrow matrix, where the arrow shape is a consequence of the changing mass
composition of the system due to deployment or retrieval. For constant tether length the arrow shape
disappears and the matrix has the indicated block diagonal form. The details of this approach are
described in [13].

3.2. STRONG FORM OF THE EQUATIONS OF MOTION

For the equations of motion obtained from the strong formulation by means of a Finite Difference
discretization we obtain a set of ordinary differntial equations which is of the form

A(x, t)ẋ = g(x, t). (29)

In the case of an inextensible cable the matrix A is singular and a so-called differential-algebraic system
is obtained.

For the numerically stable integration in time of the set of ordinary differential equations (29) which
are a stiff system in the mathematical sense, implicit methods must be used. In [22, 28] comparisons of
different algorithms are given. Good results have been obtained with BDF methods possessing automatic
step size-control and order-strategy like for example DASSL [29].

4. Simulation Results

In order to bring a system into operation, deployment of one satellite from another must be performed.
This is an important but also delicate operation for a TSS mission because it leads to an unstable motion
with respect to the stable radial relative equilibrium configuration of such a system, which is attained if it
is moving with constant tether length on a Keplerian circle around the Earth. Therefore, if this deviation
of the subsatellite from the local vertical is not desired, as it is the case for a reentry experiment, it
is necessary to implement stabilizing control which usually is done by acting on the tension in the
tether.

We present here first an uncontrolled deployment as it was performed in the SEDS mission by NASA
and for which flight data exists with which we can compare our simulation results. Second we control the
deployment process by an optimal control strategy. Strategies making use of the concept of controlling
chaos are described in [30].



www.manaraa.com

Modelling, Dynamics and Control of Tethered Satellite Systems 85

4.1. UNCONTROLLED DEPLOYMENT

First we present simulation results for the case of free deployment which means that one of the forces,
for example, NM in (15) and (16) acting on the tether, where it leaves the satellite, either is zero or has
a value determined by a brake. In contrast to the case of prescribed tether length, the arc-length sM(t)
at the satellite, from which the tether is deployed, is an unknown variable.

We present a numerical simulation of the deployment in the small expendable deployer system
(SEDS) mission. The SEDS project was conceived as a complement to the NASA tethered satellite
system deployer for use when the tether retrieval is not required. Hence, tether storage is in a canister
and not on a drum.

The two tethered satellite system missions SEDS-1 and SEDS-2 were successfully flown by NASA
on March 29, 1993 and March 9, 1994 as secondary payloads on Delta II launches of GPS satellites
[4]. The objectives of SEDS-1 were:
1. To demonstrate the capability of free deployment, that is to deploy a 20 km long tether, which is

pulled out of the main satellite by the subsatellite due to Earth’s gravity gradient;
2. bring the deployment to a smooth stop and;
3. when the payload swings through the local vertical, cut the tether and deorbit the payload of 25 kg

from a low Earth orbit.
The initial momentum for the gravity gradient deployment to overcome dissipative effects is provided

by a spring ejection system.
In Figure 7 real flight data of the SEDS-1 mission are presented. Especially the time dependence of the

deploying tether length and also its velocity are presented in the two upper frames of Figure 7. With the
data of the real mission, simulation results are presented in Figures 8 and 9, which were calculated with
the simulation program. Comparing these results with the real flight data shows that good agreement
has been achieved. In Figures 10 and 11 detailed plots of the motion of the subsatellite and the tether
during deployment are shown. These results are presented in the orbital frame according to Figure 12.
From Figures 10 and 11 it can be clearly seen that a strong deviation of the deploying subsatellite from
the local vertical direction occurs. After the length change is finished the subsatellite starts to swing
about the radial relative equilibrium and due to internal damping in the visco-elastic tether eventually
will settle down in the local vertical configuration. But in a reentry mission as in the SEDS mission the
tether will be cut when the subsatellite in its first back swing reaches the local vertical configuration.

4.2. CONTROLLED DEPLOYMENT

Obviously the free deployment considered above has the disadvantage that at the end of the tether length
change a considerable deviation from the local vertical occurs. Moreover, the satellite does not come to
a smooth stop. Both disadvantages can be avoided if the deployment process is controlled [30].

One possibility proposed in [10] is linear tension control making use of Kissel’s law.
Another possibility is optimal control applying Pontrijagin’s Maximum Principle [31]. In [31] a finite

dimensional system of a space pendulum (Figure 13) is considered with 2 degrees of freedom ϕ, ξ . We
present as example the simple case of the time optimal control problem:

For given initial and final values of the variables q = (ϕ, ϕ̇, ξ, ξ̇ ), find the control function u(t) ∈
[umin, umax], which minimizes the performance functional

I =
∫ T

0
F(q(t)) dt =

∫ T

0
dt. (30)
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Figure 7. Real flight data for SEDS-1 from H. F. Smith (NASA) [4].

Figure 8. Computed tether length (km) vs. deployment time to be compared with the measured flight data of Figure 7.

The detailed treatment of this problem and of more general problems, where constraints like the deviation
from the radial position and the monotonicity of deployment are also included, are given in [31].

As typical for such problems a bang-bang-solution is obtained. For a tether length ratio ξ0/ξT = 1/20
one obtains a time optimal solution with three switching points given by the zeros of the adjoint variable
as depicted in the left frame of Figure 14. The corresponding control function is depicted in the right
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Figure 9. As in Figure 8, but deployment rate (m/s) vs. deployment time.

Figure 10. Simulation of the deploying subsatellite relative to the main satellite in the SEDS mission for 0 ≤ t ≤ 4000.

Figure 11. Continuation of the motion of Figure 10 for 4000 ≤ t ≤ 5900.

frame of Figure 14 showing clearly the “bang-bang” character of the control u (dimensionless tether
force) switching between umin = 0 and umax = 3.15.

The corresponding time optimal orbit, represented in the orbital frame (Figure 12) is depicted in
Figure 15. The different control strategies are marked by varying the line types of the orbit.

The strategy works fine for the simplified model of the tethered satellite system. Since for a real
system a flexible massive tether joins the two satellites we now want to show whether the strategy
developed for the massless tether model can be of practical use for the system with massive tether. For
this purpose, we implement the optimal control strategy into the computer code described above based
on the finite element discretization for a massive tether model.
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Figure 12. For the presentation of simulation results the rotating orbital frame x0, y0, z0 is most convenient.

Figure 13. Simplified model of a space pendulum for the optimal control problem.

Figure 14. Left frame: switching function λ4(t) of the time optimal solution for the initial condition ξ0 = 0.05. Right frame:
corresponding bang-bang control function u(t) with three switching points.
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Figure 15. Trajectory of the subsatellite for the time optimal solution of Figure 14 for the massless tether model of Figure 13 in
the orbital frame shown in Figure 12.

Figure 16. Simulation of the deployment for the massive tether model corresponding to the three switching points of Figure 15.
Data: �0 = 1 km, �T = 20 km.

The switching intervals obtained for the massless tether system are taken as inputs for the simulation
of the continuous massive tether system. The flight path of the subsatellite with the massive tether
shown in Figure 16 follows the trajectory of the simpler optimal control model given in Figure 15 quite
closely.

Finally, to give the reader some feeling, we give two numbers. First, we consider free uncontrolled
deployment. The initial position of the subsatellite is as in Figure 16 the radial relative equilibrium posi-
tion 1 km below the space ship. The deployment process is stopped when 20 km of tether are deployed.
For a subsatellite of 1000 kg mass and a tether mass of 1 kg/km we obtain T = 2650 s. However, the
system configuration is far away from the radial relative equilibrium and large amplitude oscillations
[13] are starting. The optimal steering process shown in Figure 16 takes T = 4884 s. However, now the
system is again in the radial relative equilibrium position whereas after free deployment other control
actions would have to be used to steer the system into its stable radial relative equilibrium. Control
strategies that make use of the concept of controlling chaos to achieve this goal are described in [30].
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That the controlled motion of the continuous system, which is governed by a set of partial differential
equations, is so close to the optimally controlled motion of the simple finite dimensional system is
surprising at the first glance. But plausible explanations are first that the control action on the system
by tension control is practically the same for both systems and is effective for the system with massive
tether only if the tether is stretched. Moreover, the mass of the tether is much smaller than the mass of
the satellites.

4.3. COMPARISON BETWEEN DISPLACEMENT AND NATURAL COORDINATES

In a comparison of the two alternative formulations (Figure 4) besides speed of integration also accuracy
and the ability to continue the integration for a long time interval is important. The second point means
that especially in those phases of the motion of the tethered satellite system, when the tether is not under
tension, the tether becomes slack which results in configurations that caused some of the programs to
stop the integration. Here it turned out that the formulation in natural variables was much better than
the one in displacement variables. Moreover for the natural variables a smoother configuration of the
tether is obtained than for the displacement variables. The difference in CPU-time for the different
formulations is clearly visible from Figure 17. For the CPU time comparison we scaled such that the
tether stiffness E A = 104 results in CPU = 1.

Without any doubt the formulation in natural coordinates is not only more efficient numerically but
also smoother configurations of the string are obtained in case the string becomes slack. However we
have to note that the formulation in the natural coordinates is more complicated and requires greater
theoretical efforts. For more details see [22].

4.4. STABILITY OF RELATIVE EQUILIBRIA

Relative equilibria exist in symmetric Hamiltonian systems and are equilibria in properly moving
coordinate frames, for example in the orbit frame of Figure 12. Expressing this fact more mathematically:
For a relative equilibrium the dynamic orbit of the system coincides with a one-parameter group orbit
of the symmetry group of the system.

The most interesting relative equilibrium, from the application’s point of view, is the radial relative
equilibrium Figure 18(a). This relative equilibrium exists for freely moving end bodies and is stable
provided the tether length is not too long [3]. In [3] it is also shown, that under the assumption of
constant thrust forces acting on the end bodies, there exist relative equilibria with wavy configurations

Figure 17. CPU-time as a function of the string stiffness E A for three formulations: Displacement variables, ε, t and ε, ϕ. As
time integrator DASSL [29] is used.
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Figure 18. Examples of relative equilibria of a tether system: (a) radial; (b)–(e) wavy.

of the tether, as shown in Figure 18(b)–(e). In [3] it is assumed, in order to maintain the conservative
structure of the problem, that the forces of thrust acting on the end bodies are constant and equal to
the ones necessary for the relative equilibrium to exist. Under these constant force assumptions the
stability results are rather restrictive; a relative equilibrium is not stable unless the distance of a point
on the tether from the Earth is a monotone function of the arc-length as for example in Figure 18(b).
The configurations of Figure 18(c)–(e) are unstable under this assumption.

We consider a slightly different problem. We assume that satellite A is moving on a circular Keplerian
orbit which is not perturbed by the motion of satellite B which moves on a vertical line relative to satellite
A. This is shown in Figure 19, where satellite A always stays in the origin of the coordinate frame and
satellite B starting in position 0 moves upwards. The problem we study is whether the resulting planar
nontrivial configuration of the tether corresponds to a stable state. This question is answered by means
of the reduced energy momentum method [6, 7, 8] by checking the second derivative of the amended
potential

Vμe (q) = V (q) + 1

2
μe · I (q)−1μe (31)

Figure 19. Relative equilibria as a function of the position of the satellite B. The left figure shows the shapes of an inextensible
tether in a linearized force field, corresponding to a small tether length � 
 |rA|. The right figure shows the corresponding shapes
of an inextensible extremely long tether � = |rA|.
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Figure 20. Vertical coordinate q3 related to the force in the vertical direction at B corresponding to Figure 19.

for positive definitness. In (31) V (q) is the potential given in (18), μe the angular momentum of the
relative equilibrium configuration and I (q) is the inertia tensor of the system locked in the relative
equilibrium. The nontrivial calculations necessary to prove definiteness are performed in [32].

For a quasi-static movement of satellite B (points 0–6) the planar shapes of the relative equilibria
are depicted in Figure 19 left frame for a short tether (� 
 |rA|) and in Figure 19 right frame for a
long tether (� ∼ |rA|). Let T be the force necessary to sustain the relative equilibrium. Figure 20 shows
the relation between the vertical component T3 of this force and the vertical coordinate q3. Points 1–6
marked on the graphs in the left and right frames of Figure 20 correspond to the positions 1–6 in the
left and right frames of Figure 19.

Continuation of the relative equilibrium from an almost straight configuration leads first to position
1, where the force in the vertical direction T3 changes sign. Point 2 corresponds to the maximum of T3.
Further continuation leads to point 4 marking the maximum of the vertical coordinate q3 for the family
of relative equilibria. Beyond point 4 the relative equilibrium has a wave-like configuration. At point 6
the curve in Figure 20 has another turning point corresponding to the appearence of the next hump in
the wave form of the relative equilibrium. By continuing this process waves with arbitrary many humps
can be found.

Note that for some regions of the q3 values there exist multiple solutions with the same q3 value. An
example is given by the coincident points 3 and 5.

We remark that there exists also a second family of relative equilibria which are curved upwards. In
the left frame of Figure 19 they are obtained by reflecting the depicted solutions about the abszissa. The
curve in Figure 20 corresponding to these solutions is obtained by rotating the depicted curve by π .

The evaluation of the stability condition in [32] shows that the relative equilibria up to point 4 are
stable. If one proceeds above point 4 only the second solution family, mentioned above, exists. Going
down to point 5 two configurations exist. Only the one which is without second hump is stable. This is
also true for the more complicated wavy forms, which are all unstable.

4.5. CHAOTIC DYNAMICS

Figure 21 shows four relative equilibria of a tethered satellite system under the only influence of the
gravitational field of the Earth which is supposed to be an homogenous sphere. We call them relative
equilibria since all points of the tether and the satellites A and B are moving on concentric circles
with equal angular rate. It is well known that the two radial configurations are stable, whereas the two
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Figure 21. Stable and unstable equilibria of a tethered satellite system on a circular orbit.

tangent-to-orbit equilibria are unstable. Now we ask in which of the stable equilibria the internally
damped system settles down finally, in particular, if we start in the neighborhood of an unstable config-
uration. Since we are dealing with a highly nonlinear, nearly Hamiltonian multiple degree of freedom
system, we might expect for large amplitude motions transient chaotic behaviour, because slight dissipa-
tion will not destroy (unstable) hyperbolic equilibria. It will however transform stable elliptic equilibria
into asymptotically stable ones. Damping is introduced in our system by the visco-elastic Kelvin–Voigt
material-law (4).

For the following simulations we choose a tether of 100 m length with E A = 5000 N and a damping
parameter α = 0.01 s. The initial configuration is shown in Figure 22. The initial tether-shape was
calculated as relative equilibrium for both satellites moving on a prescribed circular Keplerian orbit.
The distance d0 between A and B slightly differs from the distance in the unstable tangent-to-orbit
equilibria of Figure 21. So, for keeping this initial configuration the position of the endbodies must be
controlled by appropriate thrusts. After switching off these thrusts the system performs very complex
transient motions in the orbital plane and finally approaches one of the stable equilibria of Figure 21.

Figure 23 shows the pitch-angle between the connecting line of the two satellites and the local
vertical through the system’s center of mass and the center of Earth. During the first 10 000 s the three
curves, corresponding to slightly differing values of d0, are very close together but after one rotation
they separate and settle down in librations around one of the stable equilibria. The amplitudes of these
final oscillations decrease only very slowly since there exists one pair of eigenvalues which is located
closely to the imaginary axis. Physically speaking, there is only very weak influence of axial damping
on transversal oscillations.

Performing simulations for several values of d0 in the range of 98.98 to 99.03 m we can observe a
sensitive dependence of the asymptotic behaviour on the initial condition. The following table shows
the final equilibrium as a function of d0:

d0 (m) 98.98 98.99 99.00 99.01 99.02 99.03

Upper satellite B A B A A B

Figure 22. Inital configuration close to the unstable tangent-to-orbit equilibria of Figure 21.
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Figure 23. Pitch-angle vs. time for three slightly differring values of d0.

Thus, for d0 = 99.00 m we obtain satellite B to be the upper one, but decreasing d0 by just 10 mm
we end up with satellite B as the lower one. However, for d0 = 98.98 m the situation is again
reversed.

The existence of solutions sensitive to small changes of the initial conditions implies a certain
restriction to the reliability of numerical calculations. Thus, we may ask: How does the basin boundary
of the stable equilibria look like? Can we expect a fractal nature of this boundary so that it is impossible
to predict the long-time behaviour of a tethered satellite system for initial conditions in its vicinity?
The investigation of a large number of initial conditions necessary to answer these questions requires a
much simpler model. Such a model, the so-called space billard, is treated in [3, 33]. There it is shown
that the domain of attraction possesses a fractal boundary.

5. Conclusions

We hope that the reader got some feeling that tethered satellite systems are not only an important concept
for space flight but also are a mechanical system that poses interesting problems. Some of these problems
have been addressed, like modelling of a hybrid mechanical system consisting of continuous deformable
and rigid bodies, derivation of equations of motion in weak form, numerical solution strategies for a
mathematically stiff system of equations, control of deployment, stability of relative equilibria and
chaotic dynamics.

As always for such complex problems one is faced with the fact that if one question is answered
immediately new questions arise. Some of these are: is the modelling of the tether by a string adequate or
should small bending stiffness be included, possibly treating the problem as a singular perturbed system?
Is the practically important structural damping adequately described by the linear visco-elastic material
law or should a more complicated law be considered? The modelling of tether storage, especially if
retrieval of the tether should be possible, still must be considerably improved. The system dynamics
under other environmental influences (air drag, electro-magnetic forces, solar pressure) should be inves-
tigated. Another important point would be to ask for three-dimensional relative equilibria. Finally we
mention that tethered satellite systems consisting of more than two satellites should also be treated. Here
the simplest case would be to include a third satellite moving up and down the tether of a system which
is moving in the radial relative equilibrium position. Such a satellite could be used as a microgravity
laboratorium.
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